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Determinante und Inverse mit komplexen Zahlen

HS15 Probepriifung Aufgabe 2

i) Berechne die Determinante von

4
) 0 1
-1 1 -1
1+7 —147 1—1
iii) Bestimme die Nullstellen von p(z) = z* — .
Lésung: i) 16 iii) e™/8FU-D /2 ] <5<

HS18 Uebungen Serie 6 Aufgabe 4b

Berechne die Determinante fiir folgende Matrizen. Gib an, ob sie regular sind und falls ja, berechne die Inverse.

1 1 2 0 1 2
i1 1+74 1
A= B= C=12 1+2i 7 D=]| 2 1+2 8
1 — ) 1—1
1 142 6 2 147 6
.. . _ _ ) 1 1-i -1
Losung: det(A) =0 det(B)=2—i— B "~ = 2%.( » . >

—1+ 51 2 — 41 —2 4+ 31
det(C) =1—=C7 ! = -5 4 -3 det(D) =0

1 —1 1




Losung HS15 -Probepriifung - Aufgabe 2
HS15 - Probepriifung - Aufgabe 2a)

(i) Berechne die Determinante von

i 0 1
11 -1
1+i —1+i 1—i

Wil By expanding det(A) with respect to the first row one computes det(A) = i((1- i) +
(=1+)+1(1—i—1—i)=—2i and det(A*) = det(A)* = 16. /I

HS15 - Probepriifung - Aufgabe 2c)
(iii) Bestimme die Nullstellen von p(z) = z4— 1.

Il The solutions of z4 =i = '% are given by

zi=eVi, jel0,...,3) with wjzgﬂ‘(%]. i




Losung HS18 - Serie 6 - Aufgabe 4 - Fortsetzung

The system has a free parameter, say z3. Then, we get that

1—2i+ 323
ZBp=—
: 4+ 2
and 1+
2 =i+ (2+i)za —z3 =i+ (1 — 20+ 323)/2 — 23 = 2‘"‘“
so that the set of solutions is
1429 1—214 325
L= =, =,23),23 €C}.
{( 4 442 23) “ }
(iv) The extended coefficient matrix is
1 2 0 0 - 1 i 0 0 1 i 0 0
0 4 -7/ 0 s [ 0 200 —35| 0 i+ g 200 —-35| 0
0 -5 -9 |-1 - 0 —206 36 | —1 0 0 1 —44

which yields the set of solutions
L = {(7i,~7,—4i)}.

(b) We havedet A = i(—i)—1 = 0, hence this matrix is not regular. Then, det B = (1+:){(1—i)—i = 2—i.
Hence, B is invertible, and we can use the usual formula for the inverse and

1 (1-i -1
-1 _
B _2—1'(—1' 1+:-E)'

For the 3 x 3 matrices we use row operations. For C, we have

1 1 211 0 0 IToor 1 ¢+ 2 1 0 0
= 2 1+2¢2 7|0 1 0O Irr—r 01 3|/-2 1 0
1 1+4i 6|0 0 1 T N0 1 4]-1 0 1
1 ¢ 2 1 0 0
Hi-1r( g 1 3/-2 1 0
0011 -11
so C is regular and the determinant of C is 1. Continuing, we get
1 ¢ 2 1 0 0 1I_a111 1 2 0)-1 2 -2
01 3| -2 1 0 12111 01 0(-5 4 -3
0 0 1 1 -1 1 - 0o 0 1 1 -1 1
1 0 0| —-1+4+51 2—4i -2+ 31
Il g 1 0| -5 4 -3
0 0 1 1 -1 1
so the inverse of C is
—1+5¢ 2—41 -2+ 3
c 1= -5 4 -3
1 -1 1
Similarly, for D we have
0 1 2/1 0 0 2 14+ 60 0 1
D=2 1+2 8/0 1 0 || 0 4§ 2|10 0
2 1+ 6(0 0 1 2 14+2¢ 8|0 1 0
2 1441 6|0 0 1 2 144 6, 0 0 1
mi-rf o 4 2/1 0 o0 |-l og 4 2|1 0 o0
0 H 2|0 1 -1 0 0 0 -1 1 -1

hence D is not regular, i.e. det(D) = 0.




LGS mit komplexen Zahlen

HS18 Uebungen Serie 6 Aufgabe 4a)

Lése folgendes komplexe lineare Gleichungssystem:

21+ iZg = 2 . iZl + 29 = 1
i (ii)
I+Dz1+(i—1)z0 = 2i+2 z1 + iz = 1
21+ iZQ = 0
22’1 — (2—|—Z)22—|—23 = 1 .
(iii) (iv) dize — Tz3 = 0
421 — iZg = 1
—52’2 — 9i23 =1
Losung: (i) L = {(2 — i22, 22), 22 € C} (i) L = {(0,1)}

(i) L = (M2, 22208828 o5 25 e €} (iv) L= {(Ti, -7, —40)}

HS17 Uebungen Serie 6 Aufgabe 4

(a) Fiir welche Werte von a € C hat das folgende komplexe lineare Gleichungssystem

(i) keine Losung? (ii) genau eine Losung? (iii) unendlich viele Lésungen?
21+ 7:22 + (1 - ’L)Zg =0
ia?z1 + 2o + (1 +i)azz3 = a—i

a+1

121 — 2o + 123

(b) Losen Sie das Gleichungssystem fiir a = 3i.

Losung: (a) (i) a=—i (ii) a # +¢  (iii) a = +1 (b) L ={(15/4 + 4i, —i/4, —44)}




Losung HS18 - Serie 6 - Aufgabe 4

Exercise 4 (Complex linear systems and matrices)
(a) Give the sets of solutions of the following systems of linear equations!:

z + iz =2
(1+d)z+(1—1)zg =2i+2
tz1+ze =1
Z1+izy =14

2z — (24—1}22 +z3 =1
431—23 =1

(iii)

(iv)

21 + 120 =0

Aizo — Tzy
—Dze —9%izg =1

(b) Compute the determinant of the following matrices. Decide whether they are regular. If so, compute
the inverse matrix.

. . 1 i 2 0 i 2
A:G _1) B:(IJ.” li) C=|2 1+2 7 D=2 1+2 8
t t t 1 14+i 6 2 1+i 6

Solution:

(a) Also for linear systems with complex coefficients we can use the Gauss algorithm as before.

1 i 9 W (1 i]2
144) (i—1)|2i+2 IO g g0
(

Hence the set of solutions has a free parameter, say zz, and by equation I we get z; = 2 —izs,
so that the set of solutions is

(i) The extended coefficient matrix is

L={(2—iz,2),2 € C}.

Notice that since we consider complex solutions now, the parameter zy can take any complex
(ii) The extended coefficient matrix is

value.
i 1)1 o (i 11
1 i|4 ) 0 24|24

Hence we get z; = 1 and then from the first equation z; = 1, so the set of solutions is

L ={(0,1)}.

(iii) The extended coefficient matrix is

2 —(2+4) 1 |i - (2 —(2+9) 1 i
4 0 ~11 )20 (4+2i) -3|1-2

1'We now use z1, za, ... as variables to emphasize that solutions can be complex




Losung HS18 - Serie 6 - Aufgabe 4 - Fortsetzung

The system has a free parameter, say z3. Then, we get that

1—2i+ 323
ZBp=—
: 4+ 2
and 1+
2 =i+ (2+i)za —z3 =i+ (1 — 20+ 323)/2 — 23 = 2‘"‘“
so that the set of solutions is
1429 1—214 325
L= =, =,23),23 €C}.
{( 4 442 23) “ }
(iv) The extended coefficient matrix is
1 2 0 0 - 1 i 0 0 1 i 0 0
0 4 -7/ 0 s [ 0 200 —35| 0 i+ g 200 —-35| 0
0 -5 -9 |-1 - 0 —206 36 | —1 0 0 1 —44

which yields the set of solutions
L = {(7i,~7,—4i)}.

(b) We havedet A = i(—i)—1 = 0, hence this matrix is not regular. Then, det B = (1+:){(1—i)—i = 2—i.
Hence, B is invertible, and we can use the usual formula for the inverse and

1 (1-i -1
-1 _
B _2—1'(—1' 1+:-E)'

For the 3 x 3 matrices we use row operations. For C, we have

1 1 211 0 0 IToor 1 ¢+ 2 1 0 0
= 2 1+2¢2 7|0 1 0O Irr—r 01 3|/-2 1 0
1 1+4i 6|0 0 1 T N0 1 4]-1 0 1
1 ¢ 2 1 0 0
Hi-1r( g 1 3/-2 1 0
0011 -11
so C is regular and the determinant of C is 1. Continuing, we get
1 ¢ 2 1 0 0 1I_a111 1 2 0)-1 2 -2
01 3| -2 1 0 12111 01 0(-5 4 -3
0 0 1 1 -1 1 - 0o 0 1 1 -1 1
1 0 0| —-1+4+51 2—4i -2+ 31
Il g 1 0| -5 4 -3
0 0 1 1 -1 1
so the inverse of C is
—1+5¢ 2—41 -2+ 3
c 1= -5 4 -3
1 -1 1
Similarly, for D we have
0 1 2/1 0 0 2 14+ 60 0 1
D=2 1+2 8/0 1 0 || 0 4§ 2|10 0
2 1+ 6(0 0 1 2 14+2¢ 8|0 1 0
2 1441 6|0 0 1 2 144 6, 0 0 1
mi-rf o 4 2/1 0 o0 |-l og 4 2|1 0 o0
0 H 2|0 1 -1 0 0 0 -1 1 -1

hence D is not regular, i.e. det(D) = 0.




Losung HS17 - Serie 6 - Aufgabe 4
Exercise 4. (4 points) Consider the following linear system with complex coefficients

F4 | +‘E:Zz+{1—'!-]23 =10
¥z + o+ (1+idaPzs=a—i

17 — zp iy = a1,
where a £ C.
1. Use Gaussian elimination to bring it in row echelon form.(1 point)
2. Discuss the existence and unicity of solutions according to the values of a. (2 points)
3. Solve the system explicitly for @ = 34. (1 point)
Solution.
1. By substituting Ry — Hs — e’y and Hy — Hy — iH,; we find
| 1—1 a 1 1 1—1: 0
(:'qg 1 l[1+_1?]|12 ﬂ—::]—}[ﬂ 1+ae2 O a—::)_
1 —1 i a+i 0 0 —1|a+z

2. Fora® + 1 # 0 ++ a # =i the coefficient matrix is non singular, hence the solution is

unique.

For a = —i the system becomes
"'1 1 1—1 []\
oo 0o |-2i.
Lu 0D —1 n)

The second equation reads 0 - 2z = —21i, so the system has no solution.
For a = ¢ we have
1 ¢+ 1—4|0
0o 0 (0].
00 —1(2
The second equation gives 0 - zz = 0, thus the system has infinite solutions.
3. For a = 3i the system becomes
r 1 1+ 1—40
0 -8 0 | X
ku 0 —1]4i J
and the solution iz given by

Lo (b)) :




linear unabhingig / Basis mit komplexen Zahlen

HS15 Uebungen Serie 6 Aufgabe 1

a) Entscheide, ob folgende Vektoren in C? linear abhingig sind oder nicht:

141 0 1+
aM) = 1—i |, a® =1 4-9; |, a® = 0
-1+ -3+ 51 3

b) Fiir welche komplexen Zahlen z € C verschwindet die Determinante von

25
1420 3+44

z 1—2

Losung: a) linear unabhéingig b)z=2—%i
HS17 Uebungen Serie 7 Aufgabe 1
Entscheide, ob folgende Vektoren in C? eine Basis von C? bilden:
(a)
1+ —24+2
oD = , 0@ =
-1+ —2—2
(b)
1+ i
D = , 0@ =
2—1 24+ 2
Losung: (a) det(v™,v®) = 0 — linear abhiingig = keine Basis

(b) det(v™®, v(®) =1 4 6i # 0 — linear unabhingig = Basis




Losung HS15 - Serie 6 - Aufgabe 1
(i) Entscheide, ob folgende Vektoren in C* linear abhiingig sind oder nicht:

1 143
(i) aV=l2+i|, a?=| 1+i|.
1 3+i

il The first step of Gauss elimination yields

1 —1+3i 1 —1+3i 1 —~1+3i 1 —1+3i
241 1+i|— |0 Q+D-@+D(=1+3)|=|0 (Q+i)—(-5+5)|=[0 6-4i,
1 3+i 0 4-2i 0 4-2i 0 4-2i

hence the two vectors are C-linearly independent. /il

1+i 0 1+i
2 aV=1| 1-i|, a?=| a-2i|, &%= o].
—1+i —3+5i 3

Il The first step of Gauss elimination yields

1+i 0 1+i
1-i 4-2i 0
—1+i —-345i 3

1 0 1
0 20-10i -5+5i
0 -6+10i 8-2i

——

1 0 1
— 4-2i —-1+i
0 3451 4-i

1 0 1
— 14 3+43i
0 —6+10i 8-2i
and we compute
1 1
8—2i——(3+3i)(—6+10i)) =8—2i— —(—48+ 12i) #0.
n 4{ ) ) I 4( ) #
Therefore, the three vectors are C-linearly independent.

Alternatively, one can compute the determinant

(1+D)(4—20)3+ (1 +D(1—D)(=3+50)— ((~1 +i)(4—2i)(1 +1))
=(6+20)3+2(—3+50)+2(4—2i) =(18—6+8)+ (6+10—-4)i=20+12i#0. /Il

(ii) Fiir welche komplexen Zahlen z € C verschwindet die Determinante von

1+2i 3+4i]”

z 1-2i

B=

il Clearly,
detB = [(1+2i)(1 —2i)— (3 +4i)z]®° = [5— (3 +4i)z]*.
Therefore, det B =0 if
5 53-4) _ 15-20i
3+4i  (3+4i)(3—4i) 25

= 3_ Ei. i
5 5




Losung HS17 - Serie 7 - Aufgabe 1

Exercise 1 (4 points). Decide if the given vectors in C? form a basis of C2.

’ O ( _11++ii ) @ = ( B ) .
2. . _
(31 - (i)
Solution.

1. @ =2i. v, Because the two vectors are dependent, the do not form a basis.

2. det (v™ v@) =1+ 6i # 0. Therefore, the two vectors are independent and form a basis.




Eigenwerte und Eigenvektoren mit komplexen Zahlen

HS15 Uebungen Serie 9 Aufgabe 3
1 2
-2 1

i) Bestimme die Eigenwerte und dazugehorigen Eigenvektoren von A =

Finde eine Basis [v] = [v™"), v®] von C? so dass (T'4)[y]—s[s eine Diagonalmatrix ist.

1 3+1
ii) Dieselbe Aufgabe wie in i) fiir die Matrix B =
3—1 4
Lésung: DA =1-2i, da=14+2i [1]=[®,o@]=[6G17,(-i,1)T] D= ( ! ‘OZ ) f?_ )

i) 5= -1 s =6 [ =0 0@ = (ST AR YT D= ()0

HS15 Uebungen Serie 9 Aufgabe 4

Bestimme die Eigenwerte und Eigenrdume von folgenden Matrizen.

3 0 O
cos —sin 1 -1
o () () p-|o 2 _s P
sin(¢ cos(p 2 -1
(¢)  cos(e) N
Lésung: c) EW: 21 = cos(p) + isin(p), z2 = cos(p) —isin(p) E.; (C) = {a(i,1),a € C}, E.,(C) = {a(—i,1),a € C}

d) EW: 294 =3, 20 = —i, z3 =1 FE3(D) ={a(1,0,0),a € C}, E_;(D) = {a(0,5,2+4),a € C}, E;(D) = {a(0,5,2 — i),a € C}

f) EW: 21 =4, 22 = —1 E;(F)={a(1+14,2),a € C},E_;(F) ={a(l —1,2),a € C}




Losung HS15 - Serie 9 - Aufgabe 3

2 .
_2 ll.blnde

v?] von C? so dass (Ta)[v)—[v) eine Diagonalmatrix ist.

() Bestimme die Eigenwerte und dazugehérige Eigenvektoren von A = [

eine Basis [v] = lv[”.

M We compute
det(A—z)=(1-2z)°%+4=2z*-2z+5.

Consequently, the eigenvalues are given by

_2+v4-20
- 2

2 = liZL

To determine the eigenvectors we solve (A—z,)x =0. Thatis for z_

2i 2|0 21 210
-2 2i|0 0 00
hence we may choose v_ = (i, 1). Similarly, for z,,
-2 210 -2i 2|0
-2 =2i|0 0 00
so we may choose v, = (—i,1). Clearly, v+ and v_ are C-linearly independent. Let [¢] =
[v-, v+] and note that Avs = z+ v+ hence

1-21 0
0 1 +2i] Lo

(Ta)jp)—iv =

1 3+i

(ii) Dieselbe Aufgabe wie in (i) fiir die Matrix B = [ 3_i 4

/il We compute the characteristic polynomial to be
det(B-2z)=(1-2)(4-2)-(3+1)(3-1) =2 -5z—6.

Therefore,
5xv49 57
24 = = .
2 2
The eigenvalues thus are z_ = -1 and z, = 6. To compute the eigenvectors we solve
(A—z:)x=0.50 for z_
2 3+i|0 (2 3+i|0 2 3+4i|0
3-i 5|0 2 341 |0 0 0|0
hence v_ = (- %, 1), and further for z,,
-5 3+i|0 (-5 3+i|0 -5 3+i|0
3-i =20 -5 3+i|0 0 0|0

we get v, = {%, 1). With [v] = [v_, v, | we obtain

-1 0
{TBJ[U]—-|H]=I 0 ] il




Losung HS15 - Serie 9 - Aufgabe 4

cos@ —sing

(iii) A=| .
sing  cosg

.

Ml Since det(A—z) = z2— (2cos¢)z+ 1, we compute for the eigenvalues

2cosp++/dcos’p—4

Zy = > = cos¢ tising.

To compute the eigenvectors we consider
Fising —sing

A—Z+: . e .
sing +1sing

=sing

Fi -1 sin Fi
1 i Plo ol
hence vy = (+i,1) so
Ecoscp—isintp ={a(-i,1) :xeC}, Ecusqo+isin(p ={a(,l) :aeC}. M
[3 0 o0 ]
(iv) A=10 2 -5
[0 1 —2J

Ml A straightforward computation shows
det(A-2)=3B-2)(2-2)(-2-2)+5)=3B-2(Z2+1) = 3-2)(z—1)(z+i).

So the eigenvalues are z; = 3, zp = —i and z3 = i. Clearly, v; = (1,0,0) is an eigenvector
for z; and

Ez(A) ={a(1,0,0) : a € Cl.
To proceed, consider
[3+i 0 0 ] 1 0 0 ]
0 2+1i -5 — 10 2+i -5
[ 0 1 —2+'1] 0 0 OJ
hence v, = (0,5,2 +1i) and
E_;(A) ={a(0,5,2+1) : « € C}.
Similarly,
3—-1i 0 0 1 0 0
0 2-1i -5 | =0 2-i -5
0 1 -2-1i 0 0 0
gives v3 = (0,5,2—1) and
Ei(A) ={a(0,5,2—1i) : € C}. I

(vi) * (bonus)

a=], O

M- A straightforward computation shows
dettA-2)=(1-2)(-1-2)+2=22+1=(z+i)(z—1),
so the eigenvalues are z; = +i. To compute the eigenvectors we consider

2 —-17Fi
0 0

1Fi -1
2 —1Fi
hence vy = (1+1,2) and

Eii(A)={a(1£i,2) : @€ C}. /il




HS15 Uebungen Serie 10 Aufgabe 1

21
Sei A =

c (C2ac2'
—2¢ 1
) Verifiziere, dass A hermitesch ist

) Bestimme die Eigenwerte von A

iii) Finde eine unitire Matrix S so dass S~!AS eine Diagonalmatrix ist

Losung:

Diagonalisieren mit komplexen Zahlen

iii) S = %[v(l) v
HS15 Uebungen Serie 10 Aufgabe

Sei A die 3 x 3 Matrix

@] mit oM = (—i, )T, v@® = (4,1)

i) AT = A i) Ay = —1,A =3

) Verifiziere, dass A hermitesch ist

) Bestimme die Eigenwerte von A

iii) Finde eine unitire Matrix S so dass S™!AS eine Diagonalmatrix ist

und D = diag(—1,3)

Lésung: i) AT = A i) A\ =1=2X, A3 =4
iii) S = 7[ v @ (3)] mit v = %(— ,0)7,
v® = \/ﬁ( 1/2,i/2, )7, v = 221, i, )7
HS18 Uebungen Serie 13 Aufgabe 4
Consider the matrix below
3 — 0
A= i 3 0
0o 0 1
) Without computation, argue that A is diagonalizabe
b) Find all eigenvalues and corresponding eigenspaces of A
) Find a unitary matrix U such that UAU~! = D is a diagonal matrix.
Lésung: a) AT =4 Db)Ai=1,A=2A=4
Ea(1) = {(0,0,23)T|z3 € C}, Ea(2) = {(ix2,x2,0)T |22 € (C} Ea(4) = {(—iza,x2,0)T|z2 € C}
c) v1 = (0,0,1)T ,1&:(%% ) ,1)3—(77%/7 ) U = (v1 va v3)




Losung HS15 - Serie 10 - Aufgabe 1

E[:2>-<2‘

. 12
Aufgabe 1 SelA=l_2i )

(i) Verifiziere, dass A hermitesch ist.

il at=| 12

i q|=A

(ii) Bestimme die Eigenwerte von A.

/Il We note that y(z) = (1- z)z —4=27%-2z-3 and further compute
2+vA+12

iy = 2

Hence 1) = —1 and A, = 3 are the eigenvalues of A.  /ll/

1+2

(iii) Finde eine unitire Matrix S so dass S~ AS eine Diagonalmatrix ist.

/Il Since A is hermitean it suffices to compute the eigenvectors. For 1;

2 2 1 i

-2i 2 00
hence vV = (—i,1). For A3

-2 2i 1 -i

-2i -2 0 0

hence v® = (3,1). Clearly v = [v® ]| = V2 solet S = 5[v™ v?] then

¥

-1 0

—1 _ % —
STAS=S§"AS IO 3

] .




Losung HS15 - Serie 10 - Aufgabe 2

2 i 1
A=|-1 2 -i
1 i 2

(i) Verifiziere, dass A hermitesch ist.

o[22 i1
I AT=|-i 2 —i|=A /0
1 i 2

(ii) Bestimme die Eigenwerte von A.

il " We compute

1a@)=2-2°3+1+41-(2-2)+(2-2)+(2—2))
—2-2°-32-2)+2=-2+622-12z+8+3z-4
= —23+622—9z+4.

Clearly, A; = 1is aroot of y 4 and we compute
~z22+622-9z+4
z—1
Therefore Ao =1and As=4. /il

=—z24+5z—4=—(z-1)(z—4).

(iii) Bestimme eine unitire Matrix S so dass S~! AS eine Diagonalmatrix ist.

Ml We compute the eigenvectors of A. For A; = A1,
1 i 1 1 i1
-i 1 -i 0 0 0],
1 i 1

0 0 0
hence vV = (—i,1,0) and v'® = (~1,0,1). Note that ! and ¢*® are not orthogonal.
Indeed (v@, (V) = —i # 0. However, by setting
1)}

—

I R w_.@,1 :
' =v 71,' v +-v' =(-1/2,i/2,1),
(v, v(1) 2
we find
_ (v(2 vt
(0{2)'9[1]}:“}{2)'0[1)} o 1}>(b’ (U}_ 0.

For A3 we compute

-2 i 1 -2 i 1 -2 i 1 2 0 -2
-1 -2 —i|—=| 2 -4 2|—=1 0 -=3i — |0 1 il,
1 i -2 2 2 -4 0 3i -3 00 O

so v® = (1,—i,1). Since vV = v2, |9@| = /372, and [[v®)]| = v/3, let

X
B

0 0
L o). M
0 4

3
b2

2

al—al—al—

ﬁ‘uﬁ
fud | Kl ed
b [3%]

then §* = S~1 and

SlAS=

oo =




Losung HS18 Serie 13 Aufgabe 4

Exercise 4 (Diagonalization)
Consider the matrix below:

0
30
0 1

(a) Without computation, argue that A is diagonalizable.
(b) Find all the eigenvalus and corresponding eigenspaces of A.

(c) Find a unitary matrix U such that UAU~! = D is a diagonal matrix.
Solution:

(a) The matrix A is Hermitian since AT = A. Hence A is diagonalzable and there exists an orthonormal
basis of eigenvectors.

(b) We compute the characteristic polynomial:

3—z —i 0
Py(z)=det| i 3—2 0 |=(1-2)[3-2)2%-1]
0 0 1-=z

Hence the first eigenvalue is given by A; = 1. The other eigenvalues are given by the zeroes of the
polynomial

3-2)2-1=22—-6248=(2—2)(z—4)

hence they are Ag = 2 and Ay = 4. We proceed to compute the eigenspaces. The eigenspace to Aq

is given by
2 —i 0
Eis(l)=ker(A—I)=ker |i 2 0] =1{(0,0,z3)|z3 € C}.
0 0 0
The eigenspace to Ag is given by
1 —i 0
Ea(2)=ker(A—2I)=%ker [i 1 0] ={(z1,20,0)T|z; —izg = 0} = {(izo, z9,0)T |z € C}.
0 0 1
The eigenspace to Ag is given by
-1 —i 0
Ea(d) =ker(A—4l) =ker [ i —1 0] = {(z1,22,0)T|—z1—ize = 0} = {(—ix2, x9,0)T |29 € C}.
0o 0 1

(c) We have to find a normalized vector in every eigenspace. Such vectors are given by v; = (0,0,1)T,
vy = %(z, L0, vy = %(—i,l,D)T. The unitary matrix that we are looking for is then U =
(vi|va|va).




Zeige dass / Priife ob mit komplexen Zahlen

MAT141 HS17 Serie 10 Aufgabe 3:

Fiir welche Werte des komplexen Parameters o € C ist die folgende Matrix

«a 0 1/2
0 « 1/2 0
/ c (C4><4

A= ,
0 12 «a
/2 0 0 «
(a) symmetrisch? (b) hermitisch? (¢) unitar? (d) normal (AZT = ZTA)?
(a) Va € C (b)) €R (c) a+ L3 (d) Va € C

Losung:

MAT141 HS18 Serie 10 Aufgabe 2:

Exercise 2 (Hermitian and Unitary Matrices)
Which of the matrices below are unitary? Which ones are hermitian? Write down the inverses of the

ones which are unitary.

—

=

I
o,
.
o —

1 /1 4

8- 1)
2 2t i
§ 3 3
c=lw —wm 0O
i N S '3
3,7 3LWT 3,7
D-|-5 0 =&
0 _E 1
vl

MAT141 HS18 Serie 11 Aufgabe 2:

For each of the matrices below, check whether it is Hermitian or Unitary. If it is find the eigenvalues and an orthonormal

basis of eigenvectors of C™.

Loésung: A is hermitian but not unitary with ONB {

—i 1
(%
. . e . 11
B is unitary but not hermitian with ONB {<ﬁ’ 7
) T
C is hermitian but not unitary with ONB {(1,0,0)”, (O7 %, %) ,
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Solution. For which values of o € C is the matrix A

1. symmetric? A symmetric matrix defined as a square matrix that is equal to its trans-
pose: A = AT, Since the complex parameter o only occupies diagonal elements, A is a
symmetric matrix Ya € C.

2. hermitian? A hermitian matrix is a complex square matrix that is equal to its own
conjugate transpose: A = A*. In our case, we need to verify if:

a 0 0 1/2 a 0 0 1/2
0 o 1/2 0|20 a 1/2 0
0 12 « 0|~ |0 12 & o0
1/2 0 0 a /2 0 0 a

The equality between A and its conjugate transpose is only given if, and only if o = &,
where @ is the conjugate transpose of . This equality is only given when « is real.

3. unitary? A unitary matrix A is a complex square matrix whose conjugate transpose is
also its inverse: A* = A, so that AA* = A*A =1. In our case we need to verify if:

lo*+1 0 0 la+ia
0 la +1 la+la 0 1
0 la+la |off+1 0 -
- 2
la+1a 0 0 la|® +1

The equality is only given if two conditions are met. First, the non-diagonal elements
must vanish: 1o + 1a. This is only given for values of a without a real part: o € C ¢ R,

so that %af + PE}: = %—Ct’ — 1o =0. Second, the diagonal elements must equal unity:

2 2 2

1 3 3
|a|2+zz1@|a|2:i@a:i‘§i.

4. normal? A normal matrix A is a complex square matrix which commutes with its conju-
gate transpose A*: AA* = A*A. In our case we need to verify if

a 0 0 1/2 a 0 0 1/2
0 a 1/2 0]2[0 a 1/2 0
0 12 « 0| o 12 a o
12 0 0 a /2 0 0 a
a*++ 0 0 la+la o*+1 0 0 la+ia
0 o +1 la+ia 0 2 0 la*+1 la+la 0
0 la+la off+1 0o [T 0o la+la lef+1 0
la+via 0 0 Jaf+1 la+da 0 0 laf+1
n

The equality is trivial, as the non-diagonal matrix elements are sums of the same terms.
Thus, the matrix A is normal Va € C.
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Exercise 2 (Hermitian and Unitary Matrices)

Which of the matrices below are unitary? Which ones are hermitian? Write down the inverses of the

ones which are unitary.

1 /1 4
255 1)
xoor
N
i 1 A4
33 VT 3T
_t o
7 o7
il ORI
0 -& =&

Solution: There are several ways to check whether a matrix M iz unitary. One of them 18 to check whether
its columns form an orthonormal basis of C™, with respect to the standard inner product

{v,w) = vydy + ...+ vgiDy.

TF this is the case then M~1 — 77" . .
On the other hand, a matrix is called Hermitian f M = M.

e A has only real entries so AT = AT, Also, we have that AT — A Hence A is Hermitian. But 4 is
not unitary, since its columns do not form a basis (A is not invertible).

(

We claim that B is unitary. Denote by, by the columns of b Again, we check the condition (1):

# B is not Hermitian: We have ,

2

1

—i

y: ‘1‘) £BT

(B is however symmetric: BT = B).

(1+i(—i)) =1,

=]

(b1, by} =

(br,ba) = 5(~i+1) =0,

(=

(bt} = 3

Hence B is unitary, with inverse

1

—1i

(i(~i) +1) = 1.
3-1=HT=B=VL@( )

= We claim that ' is unitary. Denote e, cz,c3 the columns of O, Again we check the condition (1):

1

_k W\ X ONN i/ iy 4 4 1
v =g =g)*3\"3)33)"ateta-1b
1
. =——(XH-H)1=0,
{c1.cz) 31."'5( i) =10,
1 1
. =—(H-i+Miti-[(—4))=—(-2-2+4)=0,
{e1,ca) Qﬁ{ i+ 2-i+i-(—4i) Qﬂ{ )
1
fez.en) = 5(1+1) =1,
1
(c2.ca) = p—i+1) =0,
(carea) = o (mivit —i-i+4i-(—4i)) = —(14+1+16) = 1.
18 18
Hence C is unitary and its inverse is
_2 1 _i
e S
— - 2i 1 5
e
-3 0 3
Notice that T # €, hence C is not Hermitian.
» We have ] .
N
T = _E‘l‘TE . 3 #D.
TV VR

Hence I is not Hermitian. It is also not unitary since its columns do not form an orthonormal
hasiz of C?: E.g. the first and third vector are not orthogonal to each other.
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Exercise 2 (Unitary and Hermitian Matrices)

For each of the matrices below, check whether it is Hermitian or Unitary. If it is find the eigenvalues and
an orthonormal basis of eigenvectors of C".

Q

Il
oo O

f—t

R}

+

-

Solution:

e The matrix A is not unitary, since its column vectors are not normalized (e.g. the first column has
norm /2. However, it is Hermitian: The transpose is

T (1 —1\ —
i (t )<

and hence A' — 4 — A. We proceed to compute the orthonormal basis of eigenvectors. The
characteristic polynomial is

— =z

Py(2) =det(A — zI5) = det (1:; 1 ¢ ) =(1—-22-1=22-22=2(2-2)

and the eigenvalues are Ay = 0 and Ay = 2. The eigenspace of Ay =0 is given by

1 2 . .
ker(A — 0I3) = ker (—i i) = {(z1,22)T € C?|zq +izy = 0} = {(—izq,72)T |25 € C}
which is spanned by the eigenvector (—i,1)T. Normalizing it we obtain v; = %(f:ﬂ, 1)T. The

eigenspace to Ay = 2 is given by

ker(A — 215) = ker (11 jl) = {(z1,22) € C?| — &1 + ixa = 0} = {(iza,x2)|x2 € C}

which is spanned by the eigenvector (i,1)7. Normalizing we obtain vy = %(1, 1) and vy, vg is the
desired basis of eigenvectors.
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e The matrix B is unitary, since its column vectors are normalized and orthognal to each other.
However, it is not Hermitian: The transpose is

T (0 2}
(0 D)=s

and hence B is not Hermitian. We proceed to compute the orthonormal basis of eigenvectors. The
characteristic polynomial is

Pp(2) = det(B — 2I2) = det ( =z _‘z) 2241

1
and the eipenvalues are Ay = +i and A = —i. The eigenspace of Ay = i is given by

ker(A —il2) = ker (_: _:) — {(z1,72)T € C?| — izy + izg = 0} = {(z2,72)" |x2 € C}

which is spanned by the eigenvector (1,1)T. Normalizing it we obtain v, = %(1 1)T. The eigen-
space to As = 2 is given by

ker(A + ils) = ker (: :) = {(z1,22) € C2lizy + izy = 0} = {(—22.72)|z2 € C}
which is spanned by the eigenvector (—1,1)7. Normalizing we obtain vy = %( —1,1) and vy, s is

the desired basis of eigenvectors.

e The matrix ' is not unitary, since its column vectors are not normalized (e.g. the first column has
norm 5). However, it is Hermitian: The transpose is

_T —= . -
and hence ¢ = C = C. We proceed to compute the orthonormal basis of eigenvectors. The
characteristic polynomial is

5—z 0 0
Po(z) =det(C—zl) =det | 0 1—2 2+4i | = (5-2)[(1—-2)%—=(2—i)(2+i)] = (5—2)[z%2—22—4]
0 2—i 1-—2z
and the eigenvalues are Ay = 5 and

Agz =

in:_'_m:l:l:\/g

ieds =1+ +/5 and Ay = 1 — /5. The eigenspace of \; = 5 is given by

0 0 0
ker(A —50) =ker [0 —4 2+i| ={(z1,0,0)|z; € C}.
0 2—i -4

This can be checked either by solving the corresponding system of linear equation or by noticing
that v; = (1,0, l])T lies in this kernel, but this kernel has dimension 1 since it is the eigenspace of
an eigenvalue with algebraic multiplicity 1. vy is already normalized.

The eigenspace to Ay = 1 + +/5 is given by

4-v5 0 0
ker(A — (1 + V5I2) = ker 0 —/5 2+
0 2—i —/§
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Writing out the corresponding system of linear equations, the first equation implies x; = 0. The
second equation implies that (2 4 i)as = \/5:1:2, and hence xs = 2—:,‘5‘1'3. Since we know that the
eigenspace has dimension 1, it is given by

(o, QL\/;;E}_%)MB ecy.

Choosing r3 = /5 we obtain the eigenvector i, = (0,2 +1, \/E) which has norm square

2] = (2 +9)(2 — i) + V5 = 10.

Normalizing we obtain
( 2+i 1 )T
ve=|0,—,— ] .
V107 /2
In exactly the same way, we obtain

as a normalized eigenvector to A; and vy, v5, v i8 the desired basis of eigenvectors.




DGL-Systeme mit komplexen Zahlen

HS20 Ubungsserie 13 Aufgabe 3:

Given the following system of linear ODE:
Yi = —2y1+5y2,
Yo = —y1— 4y,
1. Give the general complex solution.

2. Give the general real solution (obtained from your result in the previous subquestion).

Lésung: Loy(t) = Cy - 734201 (1 :521') O (1 ;521’) L onceen

9 y(t) = Cy - e ( —5 cos(2t) ) Oy e ( —5sin(2t) ) ol osen
cos(2t) + 2sin(2t) sin(2t) — 2 cos(2t)

HS17 Probepriifung Aufgabe 5:

Betrachten Sie das folgende System von Differentialgleichungen:

A
g

=
|

1 y1(t) — v2(t),
ya(t) = 2u1(t) — w2(2),
a) Bestimmen Sie die allgemeine Losung des Differentialgleichungssystems.

b) Finden Sie die Losung mit Anfangswerten y;(0) = 1 und y»(0) = 2.

Losung: 1. y(t) =C1 < cos(t) ) +Cs ( sin(t) ) , C1,Cy €R

cos(t) + sin(t) sin(t) — cos(t)

9 y(t) = 1- ( cos(t) ) Y ( sin(t) ) _ (cos(t)—sin(t))
cos(t) + sin(t) sin(t) — cos(t) 2 cos(t)

HS19 ﬁbungsserie 13 Aufgabe 3:

Given the following system of linear ODE:
i = 12y,

Ya 2y1 — o,
1. Give the general complex solution.

2. Give the general real solution (obtained from your result in the previous subquestion).

. i 2 —q 2

2 cos(v/3t) 2 sin(v/3t)
2. y(t)y=C +C! , C1,Cg €R
v(®) ! (cos(ﬁt)+\/§smw§t>> 2 (s;n(ﬁt) - \/§cos<\/§t)> 12
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Exercise 3. Given the following system of linear ODE:

Yy = —2y1 + 5ys
Yo =—uy1 — 4y

1. Give the general complex solution.

2. Give the general real solution (obtained from your result in the previous subquestion).

Solution.
1. As usual, we first calculate the eigenvalues of the associated matrix :% _5 4 and find
the two eigenvalues A\; = —3 4 27 and Ay = —3 — 2i. Next we look for an eigenvectors to

A1.

A— (=3 +2i)d= (_2_ (_13+2i) 4 (53+2@)) - (1_12?: —15— 2??) '

Hence, v; = (41, y2) is an eigenvector to Ay if (1—24)y;+5y2 = 0, so we find the eigenvector
v; = (—5,1 —2¢). To find an eigenvalue to Ao, we can complex conjugate v; and find
vg = (—5,1+ 2i). Thus, the general complex solution is given by

. _5 N _5
_ oAt Moty v (=342i)t (—3—2i)t
y(t) = Cre™ vy + Che™'vg = Che (1 _ 2@.) + Cse (1 n Qi)

for some C;,C5 € R.
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2. We already have a basis or the space of solutions

o —5 9% —d
(—34-24) (—3-2i)
[‘3 (1—21)’8 (1+2¢)]'

We can obtain a different basis with only real entries by using Euler’s formula, i.e.

Mt — (=320t _ o=3te2i _ o=3(c0g(2t) + isin(2t)),

Aot _ (=320t _ o3 _ o= (0o5(—2t) + isin(—2t)) = e *(cos(2t) — isin(2t)).

€

Here, we also used the fact that cos(—z) = cos(z) and sin(—z) = —sin(z). We then
obtain a real basis for the space of solutions by combining the two in the following way.

[wy, ws] = [% ( Mby 4+ et ) % (emvl — e)‘?tvg)] .
We compute

wy = (e)‘ltvl + EAQt’Ug)

5

(e—% (cos(2t) + isin(2t)) (1 - 2@.) + e~ ¥(cos(2t) — isin(2t)) ( . f’%))
e_gt((( —5(cos(2t) + isin(2t)) ) (( ~5(cos(2t) — isin(2t)) ))

Lo = O] = BD| =

1 — 2¢)(cos(2t) 4 isin(2t)) 1 4 2¢)(cos(2t) — isin(2t))

o —5cos(2t)
— € cos(2t) + 251r1 2t)

1
Wy = — (e)‘ltvl — Mt UQ)
2

1 5)

- (e_?’t(cos(Qt) 4 isin(2t)) (1 - 21_) e ¥(cos(2t) — isin(2t)) (11521_))
1, ((( —5(cos(2t) + isin(2t)) )_ (( —5(cos(2t) — isin(2t)) ))

—9° 1 — 2i)(cos(2t) + isin(2t)) 14 2i)(cos(2t) — isin(2t))

- (Sin(Q_t?iinQ(g?s(%)) |

The general real solution to the system is thus given by

_ag —b cos(2t _a —5sin(2¢t
y(t) = Cie (cos(?t) -+ 2(511')1(2?5)) +Che (sin(Qt) — 2((201(%)) .

for some C1,Cy € R.
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Aufgabe 5.

Betrachten Sie das folgende System von Differentialgleichungen:

{@/i(t) = y1(t) - ’92(75) )

ya(t) = 2u1(t) — () .

(a) Bestimmen Sie die allgemeine Losung des Differentialgleichungssystems.

(b) Finden Sie die Losung mit Anfangswerten y;(0) = 1 und y2(0) = 2.

P:ugga"x.s (ad We st Compute e eigouvalve acol eigenvecn, Tea claerac ks he
pelyusn is 2%+ 4, so R two eigouvaloe, ore Avz A amdl Aga AL
Pra eigemuedtor for a eigomvale A, = 4 A (4 ) L avdl ers Lore

) A-
o Caw.p-ee.g_ safobow

Ll EY L Cent + A Hwt ' )
7 M (4-,3. \ . ( GoSE £ SWE £ A (HnE - k)
. \We dedue Fuok ¥ S&.en.d sofLbou 4o e S\j&(\'ﬂh« o
YalE) = OcCost + bsuE . S .
T}(blt); = oltoskt &) &+ blpuE-tnt) - (a-5)comt +0o4D wut

G = A

(») TCe tondibions  Yylod= A and 7y, (1= 2 yield Ra sy shen, xfg!_{\éf'—;'fz :

Kok o a=l b -4
e tolubou s 1, iuilal role pelelun o s
Y& = cesE - ®ub

. y,'(.&) = 2emt
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Exercise 3 (6 points). Given the following system of linear ODE:

Y =y1 — 2y
I
Yz = 2y1 — 2

1. Give the general complex solution.

2. Give the general real solution (obtained from your result in the previous subquestion).
Solution.

1. As usual, we first calculate the eigenvalues of the associated matrix:

a=(; )

and find two complex solutions: A; = iy/3 and Ay = A] = —iv/3. Next we look for the
eigenvectors: For A;:

1—iv3 =2
A—mmg:( ;f —1—@'.\/5)

The first row gives us (1—4v/3)y; — 2y2 = 0, so we find the eigenvector v; = (2,1 —i/3).
Complex conjugating gives us the other eigenvector: vy = (2,14 4v/3). Thus, the general
complex solution is given by:

_ At Aat, i3t 2 — i3t 2
y(t) = Cre™" vy + Cae™ vy = Cie (1 _ iﬂ) + Che (1 ‘|"t"-\/§)

2. The general linear combination of the coordinatewise real and imaginary parts of e*t*v; (or

equivalently those of e** vy, which is after all just the conjugate of the former) constitutes
it iBt

the general real solution. In order to determine the parts, we first write e™* = e =

cos(v/3t) + i sin(+/3t) using Euler’s formula, and calculate

R(eMto;) = ( 2 cos(v/3t) ) and S(Mivy) =

2sin(+/3t) )
cos(v/3t) + /3 sin(+/3t) '

(— V'3 cos(v/3t) + sin(+/3t)

Thus, the general real solution is

B 2 cos(v/3t) 2sin(v/3t)
y(t) = (cos(\/gt) + \/gsin(\/gt)) TG (—\/gcos(\/gt) + sin( ﬁt})

with real € and Cs.




